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ABSTRACT
The performance of many linear algebra routines on modern pro-
cessors is limited by data retrieval from main memory. In this pa-
per, we demonstrate how to compose multiple linear algebra oper-
ations into single routines to reduce memory reads. A full analysis
of the positive and negative memory effects of these composed rou-
tines is presented. Additionally, we examine how to combine other
memory tuning techniques with composition to eliminate the neg-
ative memory effects composition sometimes creates.

1. INTRODUCTION
Linear algebra calculations are performed in a wide range of sci-
entific and engineering disciplines. They are often the most time
consuming part of simulations used to solve problems in the di-
verse fields of atmospheric science [?], quantum physics [?], and
structural engineering [?]. The high cost of linear algebra means
that reducing its runtime can have a large effect on overall routine
performance [?, ?].

To reduce the runtime of a linear algebra calculation, one must
identify the limiting factor of performance [?]. Once the bottleneck
is identified, code can be rewritten to reduce its impact through a
variety of program tuning techniques [?, ?, ?, ?]. Profiling tools
such as those described in [?, ?, ?] can be used to identify the
computer structure that is limiting performance of a routine and the
proper tuning technique to decrease its effect.

When analyzing and tuning a program, it is important to understand
how the memory hierarchy of a computer is organized. When ex-
ecuting a program to perform a calculation, a computer must first
read data from memory into the processor where the calculation
occurs [?]. The speed at which data are moved from memory to the
processor is limited by the bandwidth, the amount of data that can
be moved in a given time Due to the Von Neumann bottleneck [?],
the amount of data that can be moved from memory to the proces-
sor per unit time is much less than the amount of data the processor
can perform calculations on in the same unit of time. The speed
disparity is increasing as the speed of processors increases faster
than the speed of bandwidth between processors and memory [?].
Caches, which store data closer to the processor for quicker ac-
cess, allow algorithms that reuse data to overcome the bottleneck
[?]. However, the execution of algorithms that are heavily depen-
dent on memory reads due to limited or no data reuse, for example,
matrix-vector multiplication, only see speed increases proportional
to memory bandwidth increases and not the much faster processor
speed increases [?].

To increase the speed of memory bound matrix-vector multiplies,

two or more calculations that access the same data from memory
can be composed into one routine [?, ?]. Composed calculations
which take two operations that can be performed separately and
merge them into one routine, can see performance gains propor-
tional to the reduction in memory traffic. However, combining mul-
tiple calculations into one can lead to bad memory access patterns
such as non-consecutive reads and an increase in the amount of data
that must fit in cache for good routine performance. In this paper,
we discuss two different methods to combine two dense matrix-
vector calculations into one routine. In one routine the multiplies
are independent of each other and in the other the multiplies are
dependent on each other. The negative effects of composing each
are shown along with methods to minimize these effects.

In section 2, we examine how to compose two independent matrix-
vector multiplies and show how cache blocking can be used to min-
imize the effect of extra vectors needing to reside in cache for effi-
cient performance. In section 3, we show how to compose two de-
pendent matrix-vector multiplies and how software pipelining can
be used to keep the bus from memory to the processor constantly
busy. Finally, in section 4, we present conclusions about memory
efficient linear algebra routines, followed by the future direction of
our research in section 5.

2. CREATING AN INDEPENDENT
COMPOSED ROUTINE

Independent calculations occur when the result of each calculation
does not affect the result of the other. When independent calcula-
tions occur in close proximity to each other in an algorithm, they
can be combined. An example of two such matrix-vector multi-
plies are Ax = r and AT y = s. Both calculations occur in the
bi-conjugate gradient method [?]. In this section, we demonstrate
how to compose this calculation and how to use cache blocking to
maintain the efficiency of the composed calculation for large sized
matrices.

2.1 Composing Ax = r, AT y = s
Since the two matrix vector multiplies in this calculation are inde-
pendent, they can be merged into a single loop through a perfor-
mance optimization technique called loop merging [?] as shown
in figure 1. The left algorithm is the uncomposed routine and the
right algorithm is the composed routine. The resulting composed
routine, therefore, only needs to read the matrix A from memory
once to perform both calculations.

Tests run on a 2.4 GHz Intel Xeon processor with 2GB of mem-
ory and a 512KB level 2 cache show the large speedups that result
from composing Ax = r and AT y = s. All programs were com-



f o r i = 1:n f o r i = 1:n
f o r j = 1:n f o r j = 1:n

r(j)+ = A(j, i) ∗ x(i) r(j)+ = A(j, i) ∗ x(i)
f o r i = 1:n s(i)+ = A(j, i) ∗ y(j)

f o r j = 1:n
s(i)+ = A(j, i) ∗ y(j)

Figure 1: Composing Ax = r, AT y = s

piled using the Intel Fortran compiler ifort with the optimization
flag -O3 turned on. Performance of the routines presented in this
paper are compiler independent as tests run using different com-
pilers show similar speedups. In figure 2, the composed routine
is compared to two uncomposed routines: an un-optimized base-
line routine and the highly optimized GotoBLAS. Square matrices
were used and we are most interested in results of matrices of size
400 and larger as these do not fit in cache and, therefore, require
all reads of the matrix to come from memory. We measure the
throughput, the amount of work performed per unit time, in mil-
lions of floating point operations per second(MFlops) to compare
routine performance. The left graph shows that for matrices larger
than cache the composed algorithm produces a 90% increase in
throughput over the baseline algorithm and 50% to 80% improve-
ment over the optimized algorithm for matrix sizes between 400
and 10000. The right graph shows the reduction in memory reads
produced by composition. Cache misses were measured using the
Performance Application Programming Interface (PAPI). Memory
reads were cut in half from just over .15 per floating point opera-
tion to just over .07 per floating point operation. Each level 2 cache
miss requires a read to memory and, therefore, shows the effects of
composition on reducing memory reads.

2.2 Cache Blocking to Prevent Performance
Declines

In figure 2, the composed algorithm’s performance begins to de-
cline for matrices of size 10000 and larger. The decline occurs as
the vectors used in the calculation become too large to fit in cache
and must be read from memory. The uncomposed algorithm ac-
cesses two vectors with each iteration of the outside loop, while the
composed algorithm accesses three vectors. The three vectors are
column i of A, r and y. In accessing three vectors per outer loop
the amount of data the must fit in cache for good performance is
increased and this explains the performance drop of the composed
routine for large matrix sizes. To reduce the amount of data that
must fit within the cache at once, cache blocking can be used.

Cache blocking breaks a matrix into multiple pieces such that the
smaller pieces fit into cache [?, ?]. In doing so, data can be used
in multiple calculations each time they are read from memory. In
the case of matrix-vector multiplication, since each element of the
matrix is used only once, the result and multicand vectors are the
only structures where cache blocking can produce data reuse. In
figure 3, we show how a matrix-vector multiply with column-wise
access of the matrix is split into two pieces when cache blocking is
used. The product Ax = b can be computed in two steps. First,
the top half of the vector b1 is computed by multiplying the block
row A1 by the vector x. The block row A1 is read in a column
at a time do to the column major Fortran storage used. Then b2 is
computed in the same manner from the block row A2. Thus, only
half of A and b need to fit into cache at any one time. To cache
block Ax = r, AT y = s we split the matrix A into two block rows

and the vectors r and y in half.
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Figure 3: Diagram of how to cache block a column major
matrix-vector multiply.

As shown in figure 4 cache blocking increases the performance of
the composed routine to within 10% of what it was without cache
blocking. The gap in performance can be attributed to cache block-
ing creating non-consecutive memory reads, which can have a high
latency, and disrupt the memory prefetcher [?]. Cache blocking as
expected reduces the number of memory reads as seen by the de-
crease in level 2 cache misses also shown, in figure 4. It should
be noted for smaller matrices cache blocking produces a slower al-
gorithm than just composing due to the non-consecutive memory
reads introduced by cache blocking.

3. CREATING A DEPENDENT COMPOSED
ROUTINE

Dependent calculations occur when the partial result of one calcu-
lation must be complete before the other calculation can be started.
An example of one such calculation is AAT x = b, which oc-
curs when using Kleinberg’s algorithm to find authorities in hyper-
linked environments [?]. It is important to note that the same tech-
nique used to compose AAT x = b can be used to compose the
computation AT Ax = b [?], which is used in linear programming
and linear least squares [?, ?].

3.1 Composing AAT x = b
Composing this calculation requires accounting for the dependence
between the two matrix-vector multiplies. The matrix-vector prod-
uct AT x is computed as inner products of the rows of AT with the
vector x. Each inner product results in one element of the vector
t. The matrix-vector product At = b is then computed via a linear
combination of the columns of A with the elements of t as coeffi-
cients. Thus, the second matrix-vector product cannot begin until at
least one element of the vector t has been computed. As each new
element of t is computed, one more column of A can be added to
the linear combination. Because the dot product with that column
is computed independently of the linear combination, the column
is retrieved from cache once for each matrix-vector product.

Tests run on a 2.4 GHz Intel Xeon processor with 4GB or mem-
ory and a 4MB level 2 cache show large speedups from composi-
tion. In figure 6 square matrices were once again used and com-
parisons were made using ifort to compile the code with the -O3
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Figure 2: Ax = r, AT y = s throughput and memory reads.
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Figure 4: Ax = r, AT y = s cache blocking results.



f o r i = 1:n f o r i = 1:n
f o r j = 1:n t = 0.0

t(i)+ = A(j, i) ∗ x(j) f o r j = 1:n
f o r i = 1:n t+ = A(j, i) ∗ x(j)

f o r j = 1:n f o r j = 1:n
b(i)+ = A(j, i) ∗ t(j) b(i)+ = A(j, i) ∗ t

Figure 5: Composing AAT x = b

option turned on as in section 2. For this machine, the matrices be-
gin to become larger than cache at sizes greater than 1000 and for
these matrices the composed calculation produces an increase in
throughput of approximately 40% over the baseline. Comparisons
to GotoBLAS are not included due to it only being about 5% faster
than the baseline. Once again the right graph shows level 2 cache
misses, which equate to memory reads.

3.2 Software Pipelining to Improve Memory
Access Patterns

When using the composed algorithm in figure 5, each column of
A is read once and then immediately read a second time. The sec-
ond read is from cache and, therefore, quicker than the first read
from memory. However, while this second read is occurring no
new data is being transferred over the bus between memory and the
processor. Since the ability to move data between memory and the
processor is what limits the overall speed of the routine, having the
memory bus idle for any period of time reduces the overall perfor-
mance of the composed routine. To prevent the memory bus from
becoming idle, we use software pipelining to interlace the second
read of one column with the first read of the next so a new column
is always being read from memory.

Software pipelining is used to interleave operations where a depen-
dency exists. It reorders dependent operations such that they are
overlapped in code [?]. The calculation b[i] = b[i− 1] + c[i− 1],
c[i] = c[i − 1] + c[i − 2], and a[i] = b[i + 1] + c[i + 1] can be
performed using software pipelining. The operation is pipelined by
calculating b[i], c[i], and a[i − 1] at each iteration of a loop rather
than computing b and c in one loop and then a in another. The soft-
ware pipelined algorithm reduces the number of times that vectors
b and c need to be read in from memory by one. In this paper, we
do not use software pipelining to reduce memory reads but rather
to retrieve data from memory for the operation AAT x = b more
efficiently. The algorithm to perform this is shown in figure 7. The
middle two for loops in the figure are where the pipelining occurs.
Of note is the first statement within these loops that is bringing in
new data from memory with every execution, therefore, keeping
the memory bus constantly busy.

f o r j = 1:n
t(1) = A(j, 1) ∗ x(j)

f o r i = 2:n
f o r j = 1:n

t(i) = A(j, i) ∗ x(j)
b(j − 1) = A(j − 1, i) ∗ t(i− 1)

f o r j = 1:n
b(j) = A(j, n) ∗ t(n)

Figure 7: How to software pipeline AAT x = b

As shown in figure 8 software pipelining increased the throughput
of the composed routine by up to 20% over the non-pipelined rou-

tine. Performance gains of over 60% also occurr when compared
to the baseline. The number of level 2 cache misses are not shown
as the number of misses is unaffected by software pipelining, as
pipelining did not affect total number of memory reads it just reor-
ganized them in a more efficient manner.
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Figure 8: AAtx = b software pipelining results.

4. CONCLUSIONS
Composed routines significantly reduce the amount of data that lin-
ear algebra routines need to read from memory. When linear al-
gebra calculations are memory bound, any reduction in memory
traffic significantly increases routine speed. Composition reduces
memory traffic and therefore increases routine speed. However, it
can change memory access patterns, introduce latency bound non-
consecutive reads and increase the amount of data that needs to fit
in cache for efficient performance. Other tuning techniques can be
combined with composition to reduce or eliminate these memory
effects, creating even faster routines.

5. FUTURE WORK
In this paper, we present the memory effects caused by creating two
different composed linear algebra routines. After presenting each
routine we show how to overcome the bad memory costs intro-
duced when creating each composed routine. We plan to continue
this work by extending our domain to sparse routines and by an-
alyzing multi-core routines. With all our work, we will use other
performance tuning techniques to overcome negative memory ac-
cess patterns introduced by composition.
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